We consider transport through a Josephson junction consisting of a conventional s-wave superconductor coupled via a double quantum dot to a noncentrosymmetric superconductor with both, singlet and triplet pairing. We calculate the Andreev bound state energies and the associated Josephson current. We demonstrate that the current-phase relation is a sensitive probe of the singlet-triplet ratio in the noncentrosymmetric superconductor. In particular, in the presence of an inhomogeneous magnetic field the system exhibits a ϕ-junction behavior.
I. INTRODUCTION
Conventional s-wave superconductivity is well understood by Bardeen-Cooper-Schrieffer (BCS) theory in terms of the formation of spin-singlet Cooper pairs [1] . Recently, there has been a growing interest in a new class of superconducting materials termed noncentrosymmetric superconductors (NCSC) whose unit cell lacks inversion symmetry [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Consequently, these materials exhibit a strong antisymmetric spin-orbit interaction. In the superconducting state, the spin-orbit interaction gives rise to a mixing of spin-singlet and spin-triplet pairing [16, 17] .
An important open question in the field of NCSC is to determine the precise value of the singlet-triplet ratio in a given material. By now, there are different proposals based on steps in the current-voltage characteristics of a NCSC-NCSC junction [18] , the formation of Andreev bound states and associated zero-bias anomalies [19, 20] , crossed Andreev reflections between a NCSC and spin-polarized normal metals [21] as well as the Josephson current in NCSC-NCSC [22, 23] and conventional superconductor-NCSC junctions [24] . Furthermore, signatures of the singlet-triplet ratio in Raman scattering have been discussed [25] .
Here, we propose a Josephson junction consisting of a conventional s-wave superconductor and a NCSC coupled via a double quantum dot subject to an inhomogeneous magnetic field as a sensitive probe of the singlet-triplet ratio in the NCSC. A similar Josephson junction consisting of two singlet s-wave superconductors in the absence of an inhomogeneous magnetic field gives rise to a spindependent Josephson current [26] . Double quantum dots tunnel-coupled to an unconventional superconductor like Sr 2 RuO 4 can provide signatures of chiral edge states associated with it [27] . Recently, double quantum dots coupled to an s-wave superconductor have been shown to convert spin-singlet correlations into spin-triplet correlations and vice versa in the presence of an inhomogeneous magnetic field in a controlled and tunable way [28] . It is this conversion between singlet and triplet Cooper pairs that allows probing both singlet and triplet pairing in the NCSC by detecting the Josephson current in the proposed setup. Thus, tunnel junctions based upon double quantum dots can be very useful for investigation of the symmetry of the superconducting order parameters.
In particular, we find that the interplay between the singlet and triplet component can give rise to a ϕ-junction behavior, i.e., a finite phase difference ϕ in the ground-state as well as a finite Josephson current at zero phase difference. Such junctions have been predicted to occur in ferromagnetic Josephson junctions with spinorbit interactions [29] , in Josephson junctions containing a multi-level quantum dot with spin-orbit coupling and a magnetic field [30] , in Josephson junctions with spin-orbit nanowires subject to magnetic fields [31] , in multi-terminal quantum dot Josephson junctions subject to frustration between 0 and π states [32] as well as in complex ferromagnetic Josephson junctions [33] [34] [35] [36] . In the latter type of setup, the occurrence of a ϕ junction has recently been confirmed experimentally [37] . In this work, we suggest the occurrence of a ϕ junction as a sensitive tool to probe the singlet-triplet ratio of the NCSC. We demonstrate that apart from extracting this information directly from the current-phase relationship we can also obtain information about the ratio from the difference between backward and forward critical current.
The paper is organized as follows. In Sec. II we introduce our theoretical model of the Josephson junction. We discuss the Andreev bound state energies and the associated Josephson current in Sec. III and give conclusions in Sec. IV.
II. MODEL
We consider a double quantum dot embedded in a Josephson junction formed by a conventional s-wave superconductor as well as a NCSC, cf. Fig. 1 reads
(1) Here, ε i denotes the energy of the single orbital relevant for transport in quantum dot i = 1,2. In an experiment, the level positions can easily be tuned by gate voltages. The second term describes a magnetic field B i (measured in units of gµ B with the electron g factor g and the Bohr magneton µ B ) acting on the dot spin S i = 2 σσ c † iσ σ σσ c iσ with Pauli matrices σ. The third term describes local Coulomb interactions U i (the intradot charging energy). In the following, we assume the local Coulomb interactions to be the largest energy scale, U i → ∞ such that double occupancy of an individual dot is forbidden. Finally, the last term describes nonlocal Coulomb interactions U , which is the energy cost of having each dot occupied with one electron at the same time. For later convenience, we introduce the detuning δ = ε 1 + ε 2 + U which characterizes the deviation from the particle-hole symmetric point δ = 0.
We include tunneling of electrons from the superconducting leads to the quantum dots up to second order in the tunnel amplitude by performing a Schrieffer-Wolff type transformation that integrates out the superconducting reservoirs [38] . This gives rise to an effective dot Hamiltonian [39] [40] [41] [42] [43] of the form
Here,
describes the proximity effect due to the coupling to the NCSC. In addition to tunneling of spin-singlet Cooper pairs characterized by the first term with tunnel coupling strength Γ SR there are now three additional terms that describe tunneling of spin-triplet Cooper pairs with different z components of the spin and tunnel coupling strengths Γ T + , Γ T 0 and Γ T − . In the following, we assume that the NCSC does not break time-reversal symmetry.
In this case, we can always choose our coordinate system such that Γ T + = Γ T − = 0. As the Josephson current depends only on the phase difference between the two superconductor, we have chosen a gauge where the order parameters of the NCSC are real.
In the case that double occupancy of an individual dot is forbidden, a finite Josephson current arises only for an even occupation of the double dot. Thus, there are only five relevant states of the double dot. A basis of this subspace is spanned by the empty dot |0 , the singlet |S =
|0 , as well as the three Cartesian components of the triplet, |T
In this basis and with the coordinate system chosen such that Γ T ± = 0, the effective dot Hamiltonian takes the form
From Eq. (5) we infer that Γ SL and Γ SR introduce a coupling between the empty dot state and the singlet state. Similarly, Γ T 0 leads to a coupling between the empty state and the triplet |T z . Transitions between the singlet and triplet states arise from the difference of magnetic fields, ∆B = B 1 − B 2 , while transitions between the different triplet states are induced by the average magnetic fieldB = (B 1 + B 2 )/2.
The Josephson current through the system follows from the phase dependence of the dot eigenenergies E k via
where F = −k B T log k e −E k /(kBT ) denotes the free energy of the quantum dot and T is the temperature of the superconducting leads.
In general, there are no simple analytical expressions for the eigenenergies E k . However, in the absence of any magnetic field, B 1 = B 2 = 0, we find
where
e. the energies of the two eigenstates corresponding to a superposition of the empty dot and the singlet state in general acquire a nontrivial dependence on the phase difference Φ while the energies of the three triplet states are independent of Φ. In the presence of an inhomogeneous magnetic field along the z axis, we obtain to first order inB z and ∆B z
i.e. there is now a nontrivial phase dependence for the energies of the three eigenstates that are a superposition of the empty dot, the singlet state and the triplet component T z while the energies of the triplet components T x and T y remain Φ independent. Finally, in the case where an inhomogeneous magnetic field is applied in the x − y plane, the eigenenergies to second order inB and ∆B read
2 ,
i.e. we now get a nontrivial phase dependence for the energies of the four eigenstates that correspond to superpositions of empty dot, singlet state and the two triplet components T x and T y while the triplet component T z has a Φ independent eigenenergy.
III. RESULTS
In the following, we discuss the Josephson current through the double quantum dot. We will first analyze the phase dependence of the dot energies for the case of a conventional superconductor-triplet superconductor junction. We will then turn to the phase dependence of the dot energies for a conventional superconductor-NCSC junction. Finally, we will discuss the critical currents as probes of the singlet-triplet ratio that are easily accessible in experiment.
A. Conventional superconductor-triplet superconductor junction
We consider a double-dot Josephson junction consisting of a conventional s-wave superconductor and a pure triplet superconductor, i.e. in Eq. (5) we have Γ SR = 0. If the double dot is subject to a homogeneous magnetic field only, the singlet and triplet correlations induced on the dot by the respective superconducting lead do not couple to each other. As a result, the Josephson current through the system vanishes exactly. This changes in the presence of an inhomogeneous magnetic field. There are two qualitatively different ways to achieve a singlettriplet coupling on the double quantum dot.
In the first case, one applies an inhomogeneous magnetic field along the z axis. As can be seen from Eq. [44] , the Josephson current exhibits a purely sinusoidal dependence on the phase difference and a magnitude that is proportional to ∆B z .
In the second case, one applies an inhomogeneous magnetic field in the x−y plane such thatB and ∆B are noncollinear. In this situation, the inhomogeneity ∆B converts singlet Cooper pairs into T x,y triplet pairs. These triplet pairs are then converted into the T z triplet component by the average magnetic fieldB. As a result there are now four eigenenergies that show a Φ dependence and thereby give rise to a finite Josephson response, see Eqs. (9) and Fig. 3 . From Eq. (5) we infer that the conversion between the different S z components of the triplet correlations is accompanied by a phase factor i. As a result, the current-phase relationship acquires a phase-shift of π/2 compared to the case where an inhomogeneous magnetic field is applied along the z axis.
B. Conventional superconductor-NCSC junction
We now turn to the case of a conventional superconductor-NCSC junction. The most notable difference to the singlet-triplet junction discussed in Sec. III A is that now we already get a finite Josephson current even in the absence of any magnetic field, cf. Eqs. (7) and Fig. 4 . This is a consequence of the fact that there are now singlet Cooper pairs in both superconducting leads that can couple to each other via the double dot. Interestingly, the presence of triplet pairing in the NCSC influences the eigenenergies of the double dot even though the triplet Cooper pairs do not participate in the Josephson response. Thus, in principle one can reconstruct the singlet-triplet ratio from a measurement of the phasedependent Josephson current in the absence of any mag- netic field. However, as this requires a precise measurement of the current-phase relationship obtaining the singlet-triplet ratio this way is experimentally very challenging. In the following, we discuss alternative ways to probe the singlet-triplet ratio in the presence of magnetic fields.
We first consider the case where an inhomogeneous magnetic field is applied along the z axis, which couples the singlet component of the conventional superconductor to the triplet component |T z in the NCSC. As a result, there are again three eigenenergies that develop a nontrivial phase dependence, similar to the case of the singlet-triplet junction discussed in Sec. III A. Interestingly, the lowest harmonic of the current proportional to ∆B z is directly proportional to Γ T 0 , cf. Eq. (8), which can be useful in determining the singlet-triplet ratio from the current-phase relationship. We finally turn to the situation where an inhomogeneous magnetic field is applied in the x − y plane, which couples the singlet state to the two triplet |T x and |T y which in turn are coupled to the triplet component |T z as discussed above. Interestingly, the contribution to the Josephson current that arises from the singlet and the triplet pairing in the NCSC shows qualitatively different behavior. While the singlet gives rise to a 0-junction behavior, the triplet component leads to a π/2-junction behavior. Thus, the interplay between the two components present in a NCSC will generically give rise to a ϕ-junction behavior, i.e., there is a finite Josephson current at zero phase bias while there is a vanishing Josephson current at a finite phase difference. It is this nontrivial behavior of the current-phase relation that allows for a precise determination of the singlet-triplet ratio in our setup.
C. Critical current
As discussed above, the current-phase relation provides detailed insights into the singlet-triplet ratio of a NCSC. Unfortunately, measuring current-phase relations for nanoscale circuits is experimentally very challenging (though the current-phase relation of a small Josephson junction as well as of a carbon nanotube junction was recently detected experimentally [45] ). Quantities that are routinely measured for mesoscopic Josephson junctions are the critical currents, i.e. the maximal supercurrent that can flow through the device. In the following, we elucidate how this quantity can be used as a probe of the singlet-triplet ratio of a NCSC.
An important consequence of the ϕ junction behavior that occurs for any finite singlet-triplet ratio is the fact that the critical current is different for the two directions of current flow. The breaking of left-right sym- 
Ratio between the maximal and minimal critical current as a function of the triplet-singlet ratio Γ T 0 /ΓSR for different temperatures. Parameters are δ = −0.4U , B1 = U ex,B2 = U ey, ΓSL = U , ΓSR = 0.4U metry arises from the interplay of the magnetic fields acting on the double dot and the triplet pairs existing in the NCSC. The difference between the two critical currents (the maximum and minimum value of I jos ) is easily accessible in experiments. In Fig. 7 we plot the ratio between the maximal and minimal critical current as a function of the singlet-triplet ratio Γ T 0 /Γ SR . At vanishing Γ T 0 (corresponding to a junction between two conventional s-wave superconductors which does not have a ϕ-junction behavior) the two currents are equal to each other. We then find that the current ratio increases with Γ T 0 , reaches a maximum and finally goes to zero for Γ SR → 0 (corresponding to a junction between a conventional s-wave superconductor and a triplet superconductor which exhibits a π/2-junction behavior). Importantly, the precise dependence of the current ratio depends on the temperature of the superconducting leads. Thus, by measuring the ratio between maximal and minimal supercurrent at different temperatures one gets experimental access to the singlet-triplet ratio of a given NCSC material.
We remark that the observation of two different critical currents does not require any fine tuning of parameters. We find that a behavior qualitatively similar to the one shown in Fig. 7 occurs for any choice of parameters. However, there is a larger asymmetry for the case of finite detuning δ. Furthermore, for Γ SL > Γ SR there is in general a stronger asymmetry and the curve has more pronounced features. Most likely having Γ SL > Γ SR corresponds to the generic scenario of a double dot junction as discussed here because there are conventional superconductors such as Al that are known to form good contacts to quantum dots [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] while similar NCSC materials are not known yet.
IV. CONCLUSIONS
We theoretically discussed the Josephson current through a double quantum dot coupled to a conventional s-wave superconductor as well as a NCSC. We demonstrated that an inhomogeneous magnetic field acting on the double dot can convert singlet Cooper pairs into triplet Cooper pairs and vice versa. This conversion gives rise to interesting features in the current-voltage characteristics such as a π/2 shift for the triplet component. In particular, we found that for suitably chosen external magnetic fields the junction exhibits a ϕ-junction behavior. As a consequence, the critical currents in the forward and backward directions become different. We showed that their ratio measured at different temperatures of the superconducting leads can be used as an accurate probe of the single-triplet ratio in the NCSC.
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